We explore the superconducting phase diagram of the two-dimensional electron system at the LaAlO 3 /SrTiO 3 interface by monitoring the frequencies of the cavity modes of a coplanar waveguide resonator fabricated in the interface itself. We determine the phase diagram of the superconducting transition as a function of temperature and electrostatic gating, finding that both the superfluid density and the transition temperature follow a dome shape, but that the two are not monotonically related. The ground state of this 2DES is interpreted as a Josephson junction array, where a transition from longto short-range order occurs as a function of the electronic doping. The synergy between correlated oxides and superconducting circuits is revealed to be a promising route to investigate these exotic compounds, complementary to standard magneto-transport measurements.
The interface between the two wide band-gap insulators LaAlO 3 (LAO) and SrTiO 3 (STO) hosts a twodimensional electron system (2DES) [1, 2] that shows superconductivity [3] together with strong spin-orbit coupling [4, 5] , localized magnetic moments [6, 7] and long-range spin coherence [8] . Its low carriers concentration makes this 2DES particularly sensitive to elecrostatic gating and superconductor-insulator transition, tunable Rashba splitting and tunable superconductivity have already been demonstrated [9] [10] [11] . Despite being considered the prototypical correlated 2DES and a platform to realize tuneable superconducting devices [12] [13] [14] , the nature of its superconducting ground state and domeshaped phase diagram, observed upon electrostatic doping, is still not understood. This partly stems from the fact that standard magneto-transport measurements do not allow to directly probe the superfluid density and so far few approaches have been proposed to overcome such limitation. J. Bert et al. employed a scanning-SQUID technique to measure the penetration depth of the screening supercurrents and extract the superfluid density of the 2DES [15] while, more recently, G. Singh et al. calculated the variations of the superfluid density from the resonance frequency of a RLC circuit containing a lumped LAO/STO element by means of an equivalentcircuit model [16] . A powerful tool to probe the superfluid density are the superconducting coplanar waveguide resonators (SCWRs). SCWRs are cavities for the electromagnetic field where the frequencies of the standing waves are determined by the interplay between geometry and electromagnetic environment [17] [18] [19] . The formation of quasi-particles in a SCWR causes a downshift of their resonance frequencies because the lower superfluid density increases the kinetic inductance [20, 21] . The high sensitivity of such devices warranted their integration in highly-demanding applications, such as quantum technologies [22] [23] [24] and astronomy [25, 26] .
Here, we realize a SCWR by direct patterning of the 2DES at the LAO/STO interface. This approach gives a stronger modulation of the resonance frequency in comparison to lumped-element designs used in previous implementations. The resonance frequencies of the SCWR cavity modes are monitored as a function of temperature and electrostatic doping and translated into variations of Pearl length and superfluid density. We find that both the critical temperature and superfluid density display a dome-like shape as a function of the backgate voltage, which are not monotonically related. This nonmonotonic behavior arises form the ground state of the system, which is identified as a Josephson junction array shifting from short-to long-range order while driving the system from the under-to over-doped condition.
The pristine heterostructure is obtained by pulsed laser deposition of 12 unit cells of crystalline LAO on top of a TiO 2 -terminated SrTiO 3 (100) substrate. As sketched in Figure 1(a) , by means of electron beam lithography and ion milling we separate the central line from the ground plane (GND). The line has a width W of 40 µm, a nominal length l of 2.5 mm and a spacing S of 10 µm from the GND. Details of the fabrication are reported in the Supplementary Material, Sec. 1. One end of the SCWR is isolated from the GND while the other is wire-bonded to the feedline. The large impedance mismatch at the two ends of the line realizes a nearly half-wavelength (λ/2) resonator. The cavity modes of the SCWR are measured with a Vector Network Analyzer (VNA), as indicated in Fig. 1(b) . The power of signal injected into the SCWR is about −95 dBm. The sample is glued to an isolated holder with conductive silver paint, which enables field effect measurements in the backgate geometry. The GND and the line share the same electrical ground, so the backgate voltage (V BG ) affects both. Fig. 1(c) shows the response spectrum of the SCWR at T=11 mK and V BG =0 V. More than ten modes can be identified on top of an oscillating background, which stems from interference in the connecting circuitry. We based our analysis on the modes from m=2 to m=5 because m=1 is at the edge of the cut-off frequency of the amplifier (30 MHz), cf. Fig. 1(b) and the higher modes show lower visibility in the explored space of parameters. The modes visibility as a function of temperature and V BG is determined by the proximity to the critical coupling condition and by the damping coming from different sources of losses, with coupling, quasi-particles and dielectric losses being the major ones. Here, the broadening and weakening of the peaks for increasing frequency are in agreement with what is expected from the SrTiO 3 substrate [27] .
An open-end half-wavelength resonator, excited at the eigenfrequency f m can be modelled as a parallel RLC circuit with the resonance frequency
where the inductance L m is mode-dependent [28] . In general, the inductance of a superconducting resonator is given by both geometric and kinetic contribution [29] . In our SCWR already the first mode has a total geometric inductance of about 0.16 nH, while the kinetic inductance at T=11 mK (the lowest value) is about 4 nH. L m is thus dominated by the kinetic contribution, similarly to what has been observed in other LAO/STO superconducting devices [13, 30] . This allows us to write the two simple following expressions for the Pearl length Λ and the 2D superfluid density n
where α and β are determined by the line geometry, the dielectric environment and the effective mass of the charge carriers, as discussed in the Supplementary Material, Sec. 2. By monitoring the magnitude of f m as a function of T and V BG , it is thus possible to investigate their effect on the superconducting state of the 2DES. The high sensitivity of this probing technique is due the low density of Cooper pairs and the consequent high kinetic inductance of the 2DES. However, we note that the calculated values of the n suffer from two main sources of error. Firstly, the two ends of the line are not perfect mirrors and the values of f m are thus influenced by both the geometry of the launcher and the capacitance of the bonding pad. Secondly, the size of the bonding wires connecting the line leads to an estimation of its effective length of 2.38±0.12 mm (see the Supplementary Material, Sec. 1). We thus consider a confidence interval of ±10 % for the calculated absolute values of n and Λ. Figure 2 (a) shows the temperature dependence of the cavity modes of the SCWR from m=2 to m=5 at V BG =0 V. All the modes are evenly spaced and their relative variations are in good agreement. The disappearance of the cavity modes above 120 mK comes from the increased power dissipation associated with the formation of quasi-particles while approaching the superconduct- ing transition. In the normal state this device shows no resonance peaks, owing to the high resistivity of the metallic LAO/STO. From Eqs. (1) and (2) it is possible to extract the temperature dependence of Λ and n from the frequencies of each cavity mode. The calculated values are plotted in Figs. 2(b) and 2(c), respectively. At base temperature we have Λ(11 mK)=4.8±0.5 mm, in good agreement to what was estimated in Ref. 13 , that increases to above 23 mm at 120 mK. An opposite trend is observed for n, which starts from 0.87×10 12 cm −2 at 11 mK with a negative slope that becomes progressively more pronounced. We fit the temperature dependence of n with a phenomenological BCS model
where n 0 is the the zero-temperature superfluid density, T c is the superconducting critical temperature and γ is an exponent which describes the opening of the gap below T c [15, 31] . The black solid line in Fig is the best fit of Eq. (3) calculated for the third mode (circles in Fig. 2 ). If we consider both the second and third mode, which show the best visibility in temperature, we obtain γ=1.95±0.23 and γ=1.96±0.20, respectively. These results are in fairly good agreement with a clean s-wave BCS scenario, where a value of γ 2 is predicted [31] . This is in contrast with previous works reporting γ=2.8 [15] and a possible indication of lower disorder in our sample [32] . The calculated critical temperature is T c =133 mK, that we can compare with the transport measurements of Fig 2(d) performed by wirebonding the ground plane (see also the Supplementary Material, Sec. 2). The electrical resistance is currentdependent below 132 mK and a sharp transition is observed below 119 mK. Although a quantitative analysis is not possible because of the inhomogeneous current flow, we can consider the T c as the temperature at which the electrical resistance at zero bias reaches half of its normal state, obtaining ≈120 mK, in good agreement with the temperature dependence of the SCWR cavity modes.
Our experimental configuration enables tuning the superfluid density of the 2DES by electric field effect. In Figure 3 (a) and (b) we show two colour maps of the spectral response of the SCWR measured at 11 mK and 133 mK as a function of V BG . At the base temperature, when the gate voltage goes below −20 V the cavity modes rapidly shift to low frequencies and then disappear, while at positive voltages the response is rather flat with a slightly decreasing trend. At 133 mK, instead, the superconductivity can be quenched on both ends of the phase diagram with all the modes showing a pronounced dome-like response. This response originates from the modulation of n, and a possible contribution to the observed signal from the the electric-field dependence of the STO dielectric constant [27, 33, 34] is discussed and ruled out in the Supplementary Material, Sec. 4. Similarly to the analysis reported in Fig. 2 , we calculate the voltage dependence of n at different temperatures using Eq. (2). Here, we base our analysis on the third mode (m=3), which shows the best visibility over the whole space of parameters, while a complete dataset of the first five modes is reported in the Supplementary Material, Sec. 5. The phase diagram of the superfluid density reported Fig. 3(c) is characterized by a dome-like shape that becomes progressively lower and narrower for increasing temperatures. It peaks at about −12.5 V, where superconductivity is still detected at 146 mK, well above T c =132 mK calculated from and indicating that the pristine 2DES is in the over-doped regime. The maximum value of the Cooper pairs density is n≈1×10 12 cm −2 , corresponding to an electron density of 2×10 12 cm −2 . This is in agreement with previous experiments [15, 35] , supporting the conclusion that only a small fraction of charge carriers participate to the superconductivity.
In Figure 4 (a) we compare the effect of V BG on n at the base temperature and T c , where the latter was calculated by fitting the data reported in Fig. 3 with Eq. (3). Both of them display a well-defined dome-shape dependence, with a maximum at V BG ≈−12.5 V. The different position of their maximal value comes from a progressive shift of the maximum of n(V BG ) with temperature and is discussed in the Supplementary Material, Sec. 6. Different explanations have been proposed to this peculiar phase diagram. The peak of the T c has been ascribed to the Lifshitz transition, where the over-doped regime is a consequence of the onset of population of d xz , d yz bands [36, 37] or the combination between disorder and the multi-band nature of the 2DES [35, 38] . The interplay between n(11 mK) and T c can be further investigated considering the n(11 mK)-T c plot in Fig. 4(b) . An upper and lower branch appear, corresponding to the over-and under-doped condition and connected at V BG ≈ −12 V (optimal doping). A similar bimodal distribution was reported by Bert et al. and ascribed to inhomogeneities that locally suppress n in the over-doped regime [15] .
The data presented in this work allows one to view the superconducting phase as the ground state of a Josephson junction array. For zero gate voltage, Fig. 2(d) shows that increasing the current I in the device produces dissipation above a temperature-dependent threshold. Upon further increase of I, one observes a steep rise in the resistance R beyond a second threshold, and R ultimately levels off to its normal state value. In the Josephson junction language a BKT-like transition takes place at the lower threshold value I c1 =E J /(ε v Φ 0 ), where I c1 represents the typical maximum supercurrent of a junction, E J is the Josephson coupling and Φ 0 =h/(2e) is the flux quantum [39] . The dielectric constant, ε v , jumps from a finite value to infinity at the transition (strictly speaking this only holds at T=0) and dissipation sets in above I c1 . For still larger values of the current, individual junctions in the array can sustain phase coherence (short-range order) as long as I<I c2 =E J /Φ 0 . For I>I c2 , the array eventually crosses over to the normal state. In the intermediate regime, I c1 <I<I c2 one may then define a bare (unrenormalized) density of Cooper pairs n 0 [39] I c2 (109 mK) =1.8. This number is in line with the ratio that one can extract from the temperature dependence of the cavity modes in Fig. 2(c) , which is n 0 (92 mK) n 0 (109 mK) =1.79. From Fig. 2(d) we see that for increasing temperatures I c1 and I c2 are no more distinguishable and T c goes to zero together with n. The temperature dependence of n reported in Fig. 2(c) (overdoped condition) can be thus interpreted as a regime where the superconducting islands are large enough to sustain long-range coherence and n(T) follows the simple BCS model of Eq. (3) , that in this case was found compatible with a clean s-wave superconductor. In the under-doped condition the lowered electron density makes the superconducting puddles to lose connection, resulting in a transition dominated by short-range order. This picture explains the two branches of Fig. 4(b) , originating form the different nature of the ground state in the two regimes, in agreement with recent experimental results [40, 41] . We may now justify the fact that transport properties of the 2DEG in this device can be related to their counterpart in Josephson junction networks. In Fig. 2(d) the steep rise in the resistance at T=92 mK is observed at I c1 (92 mK)=5.4 µA. The equations leading to Eq. (4) also predict that the value of the critical current per junction is I c2 (92 mK)≈37 nA and I c2 (109 mK)≈20 nA, suggesting that about 150 parallel channels are contributing to the electrical current. Below T=105 K, STO undergoes a structural transition from a cubic to a tetragonal phase [42] . Domains have been experimentally identified and twins and dislocations separate domains having different crystallographic orientations [36, [43] [44] [45] [46] . Based on several experimental studies, carriers move within correlated bundles of filaments (twins, dislocations) with typical micrometer sizes. In the ground state, we propose that domains form the superconducting islands and that the boundaries between them play the role of tunnel barriers. Estimations of the wall (twins, dislocations) widths in the bundles are 1-10 nm [47] which is the ballpark average value of 7 nm that we determine in our calculation, using 1 µm for the size of the bundle and 150 junctions in parallel.
In conclusion, we studied the superfluid density at the LAO/STO interface by means of a coplanar waveguide resonator patterned into the heterostructure itself. With no gate applied, the temperature dependence of the superfluid density is in good agreement with a clean s-wave BCS superconductor, while under field effect both the critical temperature and the superfluid density show a dome-shaped phase diagram, leading to a multi-valued relationship between them. The comparison between transport data and cavity resonances suggests that the ground state of this 2DES is a Josephson junction array undergoing a transition between longand short-range order under electrostatic doping. We foresee future experiments taking advantage of the high sensitivity of this technique, as an example by combining superconducting resonators and magneto-transport measurements to explore different oxide-based 2DES.
Sec. 1. Details of the device fabrication
The LAO film was deposited by means of Pulsed Laser Deposition (PLD) at 840 • C in 6×10 −5 mbar of pure oxygen on tiop of a syngle-crystal SrTiO3(001) substrate. The laser pulses were supplied by a KrF excimer source (λ 248 nm) with an energy density of 1 J cm −2 and a frequency of 1 Hz. In order to remove oxygen vacancies, the growth process was followed by an annealing in 300 mbar of oxygen, at 600 • C for 1 hour. The sample was subsequently cooled down to room temperature at a rate of 10 • C min −1 in the same oxygen atmosphere. The growth process was monitored in-situ using reflection high-energy electron diffraction (RHEED), which indicated a layer-by-layer growth mode. 
Sec. 2. Calculation of the Pearl length and superfluid density from f m
The most important quantities to determine the frequencies of the cavity modes in a lowloss transmission line having a given geometry are the capacitance C and inductance L per unit length. For a coplanar waveguide with large ground planes these parameters can be calculated from the line width W and the spacing toward the ground plane W. The high ratio between the thickness of the STO substrate (t=500 µm) and the cross-sectional dimensions of the SCWR (W and S) allows to consider our device in the thick-substrate limit (t W + 2S), the geometric inductance and capacitance can be thus calculated as
where
is the complete elliptic integral of the first kind, ε 0 is the vacuum permittivity, ε r is the dielectric constant of the substrate and µ 0 is the vacuum permeability. An openended transmission line, excited at the resonance frequency f m of the m-th mode, can be modelled as a parallel LC circuit with a capacitance C and a mode-dependent inductance
Typically, the total inductance per unit length L corresponds to the geometric contribution (L ≈ L g ). However, as discussed in the main text, in the 2DES at the STO/LAO interface the kinetic inductance can be identified in good approximation with the total inductance per unit length (L ≈ L k ). In Ref. S1, the Pearl length Λ is estimated to be of the order of several mm, which is much larger than the width W of the SCWR. In the
Furthermore, since the thickness of the superconducting layer is small compared to the magnetic penetration depth λ L (d ≈ 10 nm λ L ) [3] , it is possible to rewrite Eq. (SE 3) as a function of the superfluid density of STO/LAO with the inductance of the LS-CPW:
where n the planar density of Cooper pairs, m e their effective mass and q 2e their charge. m e is evaluated as two times the electron effective mass in LAO/STO m 2m * 2·1.46 m e and m e is the the bare electron mass [4] . By combining Eq. SE 1, SE 2 and SE 4 we can write a direct relationship between the resonance frequencies of the modes of the SCWR and the superfluid density f m m 2l
This relationship provides the α and β parameters introduced in the main text, which are defined as 
Sec. 4. Contribution of the field-dependent dielectric constant of SrTiO 3
A different explanation for the observed shift of the cavity modes as a function of the backgate voltage reported in Fig. 3(a) and (b) in the main text may involve the electricfield dependence of the dielectric constant of the SrTiO 3 substrate. This would lead to a variation in the resonance frequencies of the SCWR due to a different capacitance instead of kinetic inductance. It was recently reported high tunability (>200%) in CPWs fabricated on top of SrTiO 3 substrate upon the application of small voltages (below 15 V) [5] . This result was based on the tuning of the dielectric constant of the STO between the line and the ground plane by field-effect. However, in our case he maximum back-gate voltage (−20 V) corresponds to an electric field of about 0.4kV/cm, which is too small to be the origin of the observed frequency shift [6] . To confirm this we fabricated a superconducting Molybdenum-Rhenium coplanar waveguide on top of a 5×5 mm 2 SrTiO 3 (001) substrate and applied a field effect in the back-gate geometry. In this case the superfluid density is much higher than the 2DES in LAO/STO, and response from V BG would mean that the substrate contribution is not negligible. As shown in Fig. SF 3 , upon the application of a back-gate voltage of 50 V a barely visible frequency shift of the cavity modes was detected, meaning that the contribution from the field-dependent dielectric constant of the substrate can be neglected. to m=5 extracted from the raw data, as the ones presented in Figures 3(a) and 3(b) in the main text. The first mode lies below the cut-off frequency of the amplifier (see Figure 1(b) in the main text) and is thus affected by a systematic error. All the modes show a similar dependence from back-gate voltage and temperature, however the third mode has the best visibility in the whole space of parameters and was employed to perform the analysis reported in Figure 3 (c) and Figure 4 of the main text. 
Sec. 6. Temperature dependence of the optimal doping condition
In Figure SF 5 we show the interplay between temperature and back-gate voltage in determining the optimal doping condition, which is evaluated from the data reported in 
